Under conventional Legendre transformation, systems with a non-convex Lagrangian will result in a multi-valued Hamiltonian as a function of conjugate momentum. This causes problems such as non-unitary time evolution of quantum state and non-determined motion of classical particles, and is physically unacceptable. In this work, we propose a new construction of single-valued Hamiltonian by applying Legendre-Fenchel transformation, which is a mathematically rigorous generalization of conventional Legendre transformation, valid for non-convex Lagrangian systems, but not yet widely known to the physics community. With the new single-valued Hamiltonian, we study spontaneous breaking of time translation symmetry and derive its vacuum state. Applications to theories of cosmology and gravitation are discussed.
Introduction
Conventional physical systems are described by Lagrangians which are convex functions of velocity. Thus, one can derive unique single-valued Hamiltonians by applying the Legendre transformation. This leads to well-defined general formalism of classical and quantum theories. Their Lagrangians are quadratic in velocities with positive coefficient, and are thus convex functions. But, physical systems with non-convex Lagrangians are also very interesting, since they are important for studying spontaneous breaking of time translation symmetry [1, 2, 3] and are widely applied to theories of cosmology and gravitation [4, 5, 6, 7, 8, 9] .
Recently, Shapere and Wilczek considered interesting models with non-convex Lagrangians in velocity [1, 2] . For the purpose of demonstration, let us consider a simple model [3, 1, 2] ,
to demonstrate the essential idea. For the nontrivial case of κ > 0 , the Lagrangian is a non-convex function of velocity. Thus, the conjugate momentum
is not monotonic in velocity, where the function f (φ) stands for the Legendre map. Then, making the conventional Legendre transformation gives the corresponding Hamiltonian as a function of velocity,
which is a multi-valued function (with cusps) in conjugate momentum p , since each given p corresponds to one or three values ofφ , as shown in Eq. (2) .
A multi-valued Hamiltonian will make the evolution of quantum state illdefined. Since at any moment, for a given φ and p , one does not know which "branch" of the multi-valued Hamiltonian could be used to generate the evolution of quantum state. This means that the time evolution of a quantum state may arise from any branch of the naive multivalued Hamiltonian and switch from one branch to another [3] , which would cause nonunitary evolution and thus be physically unacceptable [3] .
The Legendre mapping function f fromφ to p , for the non-convex Lagrangian (1) with κ > 0 .
For classical motion, similar reasoning also applies to the Hamiltonian formulation. We can recast this problem by using the Lagrangian (1). The equation of motion from the Lagrangian (1) is given by
which requires
to be constant in time, where p 0 is given by the initial condition. [Sinceφ is not continuous and thus non-differentiable with t [3],φ is not defined. So we will use the integral version (5), instead of (4).] As mentioned earlier, for some p 0 values such as p 1 < p 0 < p 2 in Fig. 1 , 1 there exist threeφ values obeying Eq. (5) . Thus, at any moment the propagation of this particle cannot be determined, and since the switching from oneφ value to another one could occur instantly, the usual picture of motion is fully lost.
Hence, for systems with a non-convex Lagrangian such as (1), the construction of single-valued Hamiltonian in conjugate momentum space is challenging.
Related issues also arise in cosmology models [4, 5, 6] , in extensions of Einstein gravity involving topological invariants [7, 8] , and in theories of higher-curvature gravity [9] . To tackle this, a few approaches were proposed in the literature [3, 1, 10] .
As we will show, the real problem with multi-valued Hamiltonian lies in the conventional Legendre transformation (LT) which cannot be naively applied to non-convex Lagrangian (1) . In this work, we propose a new construction of single-valued Hamiltonian by using Legendre-Fenchel transformation (LFT).
The LFT [11] is a mathematically rigorous and natural generalization of the conventional LT for non-convex and non-analytic functions, although it is not yet widely known to the physics community. Using this new single-valued Hamiltonian, we will study the vacuum state and spontaneous breaking of time translation symmetry. We will further compare the results from different methods, and
show that the LFT is the optimal approach to construct the physical Hamiltonian for studying non-convex systems.
Legendre-Fenchel Transformation and Construction of Single-Valued Hamiltonian
The Hamiltonian is usually derived from Lagrangian via conventional Legendre transformation (LT),
where p ≡ ∂L ∂φ is the conjugate momentum. A prerequisite of the Lengedre transformation is that the original Lagrangian should be convex and analytic. This is usually taken for granted. But, for non-convex functions [such as (1)] or non-analytic case, the LT collapses and its misuse will cause problems, such as the multi-valuedness of Hamiltonian mentioned above.
To handle the non-convex Lagrangian systems and consistently derive singlevalued Hamiltonians, the conventional LT is inappropriate and has to be generalized. Indeed, such a generalized LT is given by the Legendre-Fenchel transformation (LFT) [11] , which provides the mathematically rigorous generalization of the conventional LT, valid for non-convex and/or non-analytic Lagrangian systems. For the usual case of convex and analytic functions, the LFT naturally reduces to the LT. The rigorous LFT method is well-established in mathematics [11] , but not yet widely known to the physics community. Applying the general LFT method [11] , we can rigorously construct the Hamiltonian,
where the symbol sup stands for supremum in mathematics. In (7) , N (p) is defined as
which is required to ensure the finiteness of Hamiltonian for every given p value.
This provides a physical motivation for generalizing the Legendre transformation.
The LFT construction (7) is also expected from physics intuition. Let us consider the steepest-descent approximation or the principle of least action, which can provide some hints. This requires the Lagrangian L(φ) to be minimal, and thus
becomes maximal inφ for every s value, where s is a general quantity independent ofφ . This requirement is consistent with the LFT (7) after replacing s by the conjugate momentum p .
To make LFT easy to implement, we present its geometric interpretation.
Let us consider a function,
which stands for a line passing the point (φ 0 , L(φ 0 )) in theφ − y plane, with a slope p . Its intercept is
Thus, we can rewrite Eq. (7) as
where the symbol inf stands for infimum in mathematics. Hence, the Hamiltonian H(p) obtained from LFT just equals the minimal intercept (with an overall sign flip) of a line with slope p and crossing the curve L(φ) in thė φ − y plane. This approach is also called the supporting line method [11] .
With this geometric interpretation, we are ready to explicitly construct the single-valued Hamiltonian via LFT. For simplicity, we set κ = 1 from now on.
This will not affect essential features of the analysis and restoring a general parameter κ > 0 is straightforward. Now, the values of p 1 and p 2 shown in Fig. 1 are fixed as
Note that the Lagrangian (1) is analytic. So the minimal intercept is reached when the line (10) is tangent to the Lagrangian curve. There may be several tangent points for a given slope p , and we should choose the one which minimizes the intercept. For p ∈ (
, +∞), we find from Fig. 1 that the tangent point to the Lagrangian curve is unique,
Similar reasoning applies for p ∈ (−∞, − ), and the corresponding tangent point isφ
(15)
We note that although i appears in (15), the right-hand-side of (15) is actually
) .
Then, let us consider the interesting range, p ∈ −
. In this case, there are three tangent points with velocities (φ 3 ,φ 2 ,φ 1 ) , whose values are shown in Fig. 1 . To minimize the intercept, we find that for p ∈ 0, With these, we deduce the Hamiltonian from LFT, Fig. 2 , where we have added two extra straight dashed-lines for reference to make it clear that our Hamiltonian is not a combination of two straight lines as it might appear. Since we have,
these two dashed-lines are defined as, H = ±p ± 0.25 .
Spontaneous Breaking of Time Translation Symmetry and Comparisons
After constructing the single-valued Hamiltonian via LFT, we are ready to study its physical application and compare it with other approaches in the literature, such as the Hamiltonian path-integral (HPI) method [3] and the naive multi-valued Hamiltonian (3). We will show that our Hamiltonian (16) gives the optimal description of systems with non-convex Lagrangians such as (1) . 
where ψ is the coordinate of the configuration space inferred from the Hamiltonian (16), and needs not to match the previous φ . Eq. (18) differs from the original Lagrangian (1) in the rangeψ ∈ [−1, 1] . It also differs from the Lagrangian obtained by the HPI method [3] .
We present the comparison in Fig. 4 . It is apparent that the Lagrangian (18) is the convex hull of the original Lagrangian (1), i.e., the largest convex function satisfying L LFT (φ) L(φ) . This is expected. We note that the revised Lagrangian (18) may be viewed as the "kinetic version" of Maxwell construction for thermodynamic free energy [12] , which means that the state expressed as the red straight-line part of Fig. 4 is a mixture ofφ = −1 andφ = +1 states, similar to the mixing state of water and vapor during evaporation. This also leads to Eq. (23).
Now, we are ready to discuss the vacuum state and the spontaneous breaking of the time translation symmetry. Using the multi-valued Hamiltonian, the analysis in [2] shows that the vacuum state obtained at the cusp of the Hamiltonian gives,
leading to spontaneously broken time translation invariance. Next, for the HPI method [3] , one can infer the vacuum state from Fig. 3 ,
Since the HPI does not provide a clear relation betweenφ and p , we may use the canonical equation of the Hamiltonian given by HPI to obtain the velocity of vacuum state,ψ
where ψ is the coordinate of the configuration space inferred from the Hamiltonian via usual LT. Thus, the time translation symmetry is unbroken in the HPI formalism.
Finally, for the LFT approach, we can deduce the vacuum state from Fig. 2 and Eqs. (14)- (15),
In this case, the time translation symmetry is also spontaneously broken.
We also note that it is better to take the original Lagrangian (1) only as a starting point because it is non-convex and thus ill-defined, as commented in [3] . After obtaining a physical Hamiltonian, we can rederive a revised physical
Lagrangian, together with a revised coordinate ψ of the configuration space, via the LFT. So, let us derive this coordinate ψ from the Hamiltonian (16), which needs not to match the previous φ . Then, inspecting the vacuum state of Curve-A in Fig. 3 , we deduceψ 
Conclusions and Discussions
The recent inspiring works of Shapere and Wilczek [1, 2] opened up renewed interests in studying systems with non-convex Lagrangians and spontaneous breaking of time translation symmetry, as well as applications to cosmology and gravitation [4, 5, 6, 7, 8, 9] . In this work, we proposed a new construction of single-valued Hamiltonian by applying Legendre-Fenchel transformation (LFT) [11] , which rigorously generalize the conventional Legendre transformation for non-convex and non-analytic functions. We show that this provides a consistent and optimal formulation in which the corresponding revised Lagrangian is the convex hull of the original Lagrangian. Then, we studied the vacuum state and the spontaneous breaking of time translation symmetry, as shown in Fig. 2 .
We further compared our predictions with those from other methods in the literature. The results inferred from different methods are distinctive with each other (Fig. 3) , and can be discriminated by experiments. In Fig. 4 , we compared our revised Lagrangian (18) with those from other methods. Using the new coordinate of configuration space ψ , we inferred the degenerate vacuum states with (23).
Finally, it is interesting to further apply our new LFT approach to related systems, such as specific models of cosmology and gravitation [4, 5, 6, 7, 8, 9] .
For instance, Refs. [5, 6] proposed the ghost inflation scenario where an inflationary de Sitter phase is achieved with a ghost condensate. It consistently modifies gravity in the infrared, and is realized via a derivatively coupled ghost scalar field φ which forms condensates with non-zero velocity in the background, φ = M 2 = 0 . This is a new kind of physical fluid filling the universe and has fluctuationφ defined as, φ = M 2 t +φ . This scenario gives an alternative realization of the de Sitter phase, and the scalar φ can naturally serve as inflaton [6] . The nonzero ghost condensate φ = 0 also spontaneously breaks time translation symmetry, which is just the physical picture quantitatively demonstrated in the present work by applying our new LFT method. Indeed, the LFT method provides a rigorous and consistent way to analyze such cosmological systems. As another example, the recent work (in the first paper of Ref. [9] ) studied phase transitions of higher-curvature gravity theories. Similar to our Eq. (1), it considered an extended non-convex Lagrangian, L = 4 , by applying the LFT method to derive its convex hull (similar to the Curve-A of our Fig. 4 ). The Lovelock gravity was taken as an explicit model for the analysis [9] . More applications of our LFT method to such gravity and cosmology models will be pursued further.
In this Appendix, for completeness we discuss the previous different attempts in the literature [3, 1] for tackling the multi-valued Hamiltonian, which are independent of our current study. Ref.
[3] adopted a Hamiltonian path-integral (HPI) method, defined in the position-velocity space, where the transition amplitude φ 2 , t 2 |φ 1 , t 1 is given by
Then, the authors tried to sum up all paths in (φ, u) which correspond to the same path in phase-space (φ, p). This would result in an effective Hamiltonian H eff as a single-valued function of conjugate-momentum p . Note that the Hamiltonian H is conventionally defined in the canonical space (φ, p) via usual
Legendre transformation (LT), which is multi-valued function of velocity u (or, φ) for each given p ∈ (p 1 , p 2 ) . So, given such an ill-defined Hamiltonian, it is fully unknown a priori which solutions ofφ or which paths in (φ, u) space are physically (un)acceptable. As shown in Sec. 2, because the conventional LT is ill-defined for non-convex Lagrangian (1), it is likely that some or all of theφ solutions are nonphysical. Hence, the naive sum of all paths in (φ, u) [3] may not be physically meaningful, although one could take it as a working ansatz [3] .
The recent approach [1] proposed a new method of branched quantization, which unfolds the non-monotonic p(φ) by redefining the conjugate momentum as,
We can reexpress (30) as follows,
As clearly shown, the ranges of p in the three branches overlap with each other in (31). So, each given p corresponds to three ξ values over the range of that the equationφ 3 − κφ = p = −ξ still has three solutionsφ for each given
To be intuitive, we further explicitly present Eq. realize it, such as by imposing the supremum condition in the LFT (7). Since the LFT is both physically well-motivated and mathematically rigorous, it is the optimal approach to handle such singular systems.
In addition, Ref. [1] tried to impose certain boundary conditions for ensuring the unitary evolution for multivalued Hamiltonian. As we explicitly clarify in the following, unfortunately this does not work. [1] . Hence, for the boundary conditions (6) of Ref. [1] to ensure the vanishing probability current j = 0 at the two junctions p = p ± , all the three branches of wave functions ψ 1,2,3 (p) [rather than just two branches ψ 1,2 (p)] will contribute to j , so they have to be included together. This means that the eq. (6) of Ref. [1] with ψ 1,2 (p) alone cannot actually ensure j = 0 at p = p + , and thus the integrated probability ρ is not conserved (unlike the claim of Ref. [1] ); the same flaw exists for p = p − . Furthermore, because of the ψ 3 (p)
contributions to the boundary conditions at p = p ± , eq. (6) (at p = p + ) and its analogues (at p = p − ) will contain extra 4 (= 2 +2) constraints, so there are actually 4+4 = 8 constraints at p = p ± . Together with the two normalizability conditions at p → ±∞ [1] , the total number of boundary constraints is 10 , which does not match the number of integral constants n = 2 × 3 = 6 of the Schrödinger equations for ψ 1,2,3 (p). Unfortunately, these complete boundary conditions over-constrain the system, so this boundary condition method [1] does not really work. (The similar problems also exist for related applications [13] .)
